Y T TR E

10th Pui Ching Invitational Mathematics Competition

W (=5)
Final Event (Secondary 3)

B 2 1

Time allowed: 2 hours

2E A

Instructions to Contestants:

(@)

(b)

(©)

@

(€)

(f)

% HE 20 > A5 G 100 57 -

There are 20 questions in this paper and the total score is 100.
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Unless otherwise stated, all numbers in this paper are in decimal system.
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Unless otherwise stated, all answers should be given in exact numerals in their simplest form.
No approximation is accepted.
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Put your answers on the space provided on the answer sheet. You are not required to hand in
your steps of working.
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The use of calculators is not allowed.
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The diagrams in this paper are not necessarily drawn to scale.



ST1Z5TARE  DEESST -

Questions 1 to 4 each carries 3 marks.
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A number can be written as the product of three consecutive positive integers and is divisible
by 5. What is the smallest possible value of the number?
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In a volleyball match, the scoreboard initially shows 0:0. Each time the winner scores 1 point,
and whichever side gets 25 points first wins (no ‘deuce’ is played, i.e. when the score is

24:24 , the side getting the next point wins). How many different scores are possible on the
scoreboard? (Note: We regard a:b and b:a to be different scores if a=b.)
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There are two bottles with capacities 3 litres and 5 litres respectively, as well as a tap. In the
beginning, both bottles are empty. In each step, we can perform one of the following
operations:

e Fill an empty or a partially-filled bottle full of water using the water tap.
*  Empty a bottle.

J Pour the water in one bottle into another bottle, until the other bottle is full or all water
has been poured into the other bottle.

What is the minimum number of steps needed in order to have exactly 4 litres of water in the
5-litre bottle?
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Joseph rearranged the digits of 20110402 to form a different eight-digit number which differs
from the original number by n. Find the smallest possible value of n.
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Questions 5 to 8 each carries 4 marks.
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A sector has radius 2 and perimeter 8. Find its area.
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If there are no numerical labels on a 12-hour clock, we will see another time by looking at the
mirror image of the clock. For instance, at 2 o’clock the mirror image will look like 10 o’clock.
The difference between the two times is 4 hours (referring to the interval between the closest
10 o’clock and 2 o’clock, for instance 10 am and 2 pm of the same day, same for below). In a
day, how many instances are there such that the difference between the actual time and the
time in the mirror image is exactly 2.5 hours?
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Let n be the 2011-digit number 999...99. How many 9’s are there in the digits of n*?
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Let A be a 18-digit number and B be a 24-digit number. If one first writes A and then writes B,
one gets a 42-digit number C, which consists of k different digits. It turns out that if one first
writes B and then writes A, one also gets the 42-digit number C. Find the sum of all possible
values of k.
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Questions 9 to 12 each carries 5 marks.
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A positive integer is said to be ‘good’ if it can be expressed in the form k®+k for some

positive integer k. For instance, since 6° +6 =42, we say that 42 is ‘good’. How many of the
first 2011 positive integers can be expressed as the difference between two ‘good’ numbers?
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Three students, Raymond, Steven and Tony, took a test. In the test there were n questions,
worth 1, 2, ..., n marks respectively. In each question a candidate either got zero or all the

marks allocated. Suppose that

* Raymond answered three consecutive questions correctly and the rest wrongly;
*  Steven answered four consecutive questions correctly and the rest wrongly;

*  Tony answered seven consecutive questions correctly and the rest wrongly;

* Raymond, Steven and Tony got the same marks;

* aquestion was correctly answered by exactly two of the three students; and

* the last question was correctly answered by exactly one of the three students.

Find n.
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The sum of 2011 consecutive odd positive integers is a cubic number. If k is the smallest of
these odd numbers, find the smallest possible value of k.
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In quadrilateral ABCD, AB=4, CD =6 and both B and
D are right angles. X and Y are points on AD and BC
respectively such that the lengths of AX and CY are both
integers. If quadrilateral AXCY has area 2011, how many Y
different possible values are there for the length of AX?
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Questions 13 to 16 each carries 6 marks.
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In a game, the player has to shoot 5 balls into one of the 5 vertical tracks, and wins if the 5
balls turn out to be collinear. (The figure below shows four examples, among which only the
first and fourth outcomes are winning.) If the player is certain not to win after shooting a
certain number of balls, the game ends immediately without shooting the remaining balls. If
each ball must get into one of the tracks with equal probability, find the expected value of the
number of balls shot when the game ends.
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The three altitudes of a triangle have lengths 2011, 402 and n, where n is a positive integer.
How many different possible values of n are there?
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In the addition shown, each letter represents a different digit from 0
to 9. Find the smallest possible value of the five-digit number
represented by PCIMC.
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Let a, =40. For positive integer n, we define
a, -1 if a,* <2011
a,,={a,+1 if a,>>2011
2011 if a,>=2011

Find lima,. (In other words, to what number will a, approach when n is large?)
n—oo
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Questions 17 to 20 each carries 7 marks.
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In a game, 11 people sat in a circle. There were 11 cards, 8 of which were blank, and the
numbers ‘A’, ‘B’ and ‘C’ were written on the other 3 respectively. One card was distributed to
each person at random at the beginning. In each round, each person passed the card to the
person on his right, and then the players would be asked to raise his hands if he could tell
which people were holding the cards with ‘A’, ‘B’ and ‘C’ written respectively. It turned out
that nobody raised hands during the first three rounds, while one person raised hands during
the fourth round. During the fifth and sixth rounds, there were x and y people raising hands
respectively. Find the product xy. (The people could not see the cards held by others. They are
also intelligent, so that deductions can be made whenever sufficient information is available.)
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When each of the numbers 729°+1 129°+2 M is written as a fraction

729° +1°

729° +728° " 729+ 727%
in the lowest term, find the sum of all the numerators.
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In the figure, ABC is a triangle with area 1. D, E are
points on AB while F, G are points on AC such that AD
= DE = EB and AF = FG = GC. Find the area of the
region bounded by BF, BG, CD and CE.
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Mr Chan, Mr Lee, Mr Cheung and Mr Wong are a teacher, a policeman, a doctor and a lawyer
respectively. Their wives are a lawyer, a teacher, a policeman and a doctor respectively. These
four couples joined a chess competition. The organiser divided the eight participants into four
groups of two to play against each other, as follows. Eight balls with the names of the eight
contestants were put into a bag and then drawn one by one. The person first drawn would play
against the one drawn second; the person drawn third would play against the one drawn fourth,
and so on. However, if any of the following situations occurs, the latest ball drawn would be
invalid and it would be put back into the bag and a ball had to be drawn again:

(1) The draw requires a couple or two people with the same occupation to play against each
other.

(2) During the remaining draw, the situation where a couple or two people with the same
occupation playing against each other would definitely occur (e.g. only the balls
representing Mr Chan and Mrs Chan were left after the sixth ball was drawn).

Find the probability that a ball has to be redrawn during the process of the draw.
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