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There are 20 questions in this paper and the total score is 100.
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Unless otherwise stated, all numbers in this paper are in decimal system.
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Unless otherwise stated, all answers should be given in exact numerals in their simplest form.
No approximation is accepted.
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Put your answers on the space provided on the answer sheet. You are not required to hand in
your steps of working.
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The use of calculators is not allowed.
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The diagrams in this paper are not necessarily drawn to scale.
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Questions 1 to 4 each carries 3 marks.
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The sum of digits of an n-digit number is 2011. Find the smallest possible value of n.
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In a parallelogram, one interior angle is 3 times another. If the largest interior angle is x°, find
X.
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How many of the first 2011 positive integers have their sum of digits being a multiple of 5?

4. BTG EIHIN 3 *4ﬁp5“4mwﬁ¥ﬂPP“*@fﬁmﬁﬁ’FﬁWﬁ*ﬁﬁé*W°
7 (R S PTERE R (pE 1

. m“fmw—wkwﬁlﬁ—ﬁ%ﬁﬁ*wﬁlﬁﬁ°
o P [T
o SIS FIEL R S 3R R R b S

Tl A 5 2 FIAIS [ R e 4 22 o IR DR oD R R Y

There are two bottles with capacities 3 litres and 5 litres respectively, as well as a tap. In the
beginning, both bottles are empty. In each step, we can perform one of the following
operations:

e Fill an empty or a partially-filled bottle full of water using the water tap.
*  Empty a bottle.

J Pour the water in one bottle into another bottle, until the other bottle is full or all water
has been poured into the other bottle.

What is the minimum number of steps needed in order to have exactly 4 litres of water in the
5-litre bottle?
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Questions 5 to 8 each carries 4 marks.
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ABC is a triangle of area 12. P is a point in the triangle. It is known that X, Y and Z are the
images of P when rotated about A, B and C by 180° respectively. Find the area of AXYZ.
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If there are no numerical labels on a 12-hour clock, we will see another time by looking at the
mirror image of the clock. For instance, at 2 o’clock the mirror image will look like 10 o’clock.
The difference between the two times is 4 hours (referring to the interval between the closest
10 o’clock and 2 o’clock, for instance 10 am and 2 pm of the same day, same for below). In a
day, how many instances are there such that the difference between the actual time and the
time in the mirror image is exactly 2.5 hours?
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It is known that a, b, ¢ and d are positive integers where a>b>c>d . If exactly five of the
six integers a—b, a-c, a—d, b—c, b—d and c—d are prime, find the smallest possible
value of a.
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Let A be a 18-digit number and B be a 24-digit number. If one first writes A and then writes B,
one gets a 42-digit number C, which consists of k different digits. It turns out that if one first
writes B and then writes A, one also gets the 42-digit number C. Find the sum of all possible
values of k.
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Questions 9 to 12 each carries 5 marks.
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Let x,, X,, ..., X, D€ real numbers between 0.5 and 0.75 inclusive. Find the greatest possible
value of X1(1_ Xz) X% (1_ Xs) + Xs(l_ X4) Tt X99(1_ X100) T Xy00 (1_ X1) '
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Three students, Raymond, Steven and Tony, took a test. In the test there were n questions,
worth 1, 2, ..., n marks respectively. In each question a candidate either got zero or all the

marks allocated. Suppose that

*  Raymond answered three consecutive questions correctly and the rest wrongly;
*  Steven answered four consecutive questions correctly and the rest wrongly;

*  Tony answered seven consecutive questions correctly and the rest wrongly;

* Raymond, Steven and Tony got the same marks;

* aquestion was correctly answered by exactly two of the three students; and

* the last question was correctly answered by exactly one of the three students.

Find n.
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In quadrilateral ABCD, AB=4, CD =6 and both B and

D are right angles. X and Y are points on AD and BC

respectively such that the lengths of AX and CY are both B C
integers. If quadrilateral AXCY has area 2011, how many Y

different possible values are there for the length of AX?
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In a sentence reconstruction game, players had to rearrange 6 cards labelled ‘mathematics’, ‘is’,
‘a’, ‘very’, ‘interesting’ and ‘subject’. The score is computed as follows. With ‘mathematics is
a very interesting subject’ being the correct order, the 6 rearranged cards are divided into
maximal consecutive correct segments (i.e. consecutive cards which appear in the correct
order). Each maximal consecutive correct segment consisting of k cards is worth 2* points.
For instance, for the rearrangement ‘subject very interesting mathematics is a’, the maximal
consecutive correct segments are ‘subject’, ‘very interesting’ and ‘mathematics is a’, and hence
the score is 2'+2>+2°=14. By a random rearrangement of the cards, what is the most
probable score?
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Questions 13 to 16 each carries 6 marks.
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How many three-digit numbers abc have the property that every digit is non-zero, and that the
two-digit numbers ab, bc and ca are all divisible by 7?
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Let m and n be positive integers. If their H.C.F. and their L.C.M. differ by 2011, find the sum
of all possible values of n.
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Ina voIIeybaII match, the scoreboard initially shows 0:0. Each time the winner scores 1 point,
and whichever side gets 25 points first wins (no ‘deuce’ is played, i.e. when the score is
24:24 | the side getting the next point wins). After watching n matches, Donald found that all
possible scores have already appeared on the scoreboard. Find the smallest possible value of n.
(Note: We regard a:b and b:a to be different scoresif a=b.)

PPN ES (e e R n VI NE e | = PRI - g [T T R R Y
AR RS — [REI> BTU - 6 pur{NgeE) 1~ 2~ 3~ 6> [N PUERTILRL (1, 3, 6, 12) - [fl
B YAV n=1 AT n=9 > B EVRETILT HIL (1) AT (L, 4, 13) < AP n e TE B
EOERL Pl n S TR o TENT ERTTR Rl DA 6 RL TR o 9 JIIPARL TR
SR AT 100 Y TR VAT

If we list the positive factors of a positive integer n in ascending order and then add them up
one by one, then we get a sequence by recording the sum in each step. For instance, since 6 has
positive factors 1, 2, 3 and 6, the sequence obtained will be (1, 2, 3, 6). Similarly, if we take
n=1and n=9, the sequence obtained will be (1) and (1, 4, 13) respectively. If the number n
itself appears in the sequence, then it is said to be ‘good’. The above examples thus show that
1 and 6 are “‘good’ while 9 is not. Find the sum of all ‘good” numbers less than 100.
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Questions 17 to 20 each carries 7 marks.
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In the addition shown, each letter represents a different digit from 0
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to 9. Find the greatest possible value of the five-digit number
represented by PCIMC.
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There are n cities in a country, where n> 20. The king decided that some roads are to be built

subject to the following requirements.

Each road connects two different cities.

Any 3 cities must not form an ‘isolated group’ (which means no two cities are connected
by a road).

Any 20 cities must not form a ‘sightseeing loop’ (which means one can start from one of
the 20 cities and travel along the roads built to visit the other 19 cities without visiting the
same city twice nor passing through other cities, and finally go back to the starting city).

It was later proved by a mathematician in the country that the requirements of the king cannot
be fulfilled. Find the smallest possible value of n.
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In a game, 11 people sat in a circle. There were 11 cards, 8 of which were blank, and the
numbers ‘A’, ‘B’ and ‘C’ were written on the other 3 respectively. One card was distributed to
each person at random at the beginning. In each round, each person passed the card to the
person on his right, and then the players would be asked to raise his hands if he could tell
which people were holding the cards with ‘A’, ‘B’ and ‘C’ written respectively. It turned out
that nobody raised hands during the first three rounds, while one person raised hands during
the fourth round. During the fifth and sixth rounds, there were x and y people raising hands
respectively. Find the product xy. (The people could not see the cards held by others. They are
also intelligent, so that deductions can be made whenever sufficient information is available.)

HEW'H' » ABC pL ikl 1 pu= % - D ~ E hL AB Y
M F G F[lkL AC HfuRi i} AD = DE = EB 7
AF = FG = GC - 7 BF ~ BG ~ CD #{! CE [B=Y [~ 8k
Flfjf&-ﬁﬁ 0

In the figure, ABC is a triangle with area 1. D, E are
points on AB while F, G are points on AC such that AD
= DE = EB and AF = FG = GC. Find the area of the
region bounded by BF, BG, CD and CE.
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