BT ANEREBEBFE (2017 4F)

16th Pui Ching Invitational Mathematics Competition (2017)

RAE (B

Final Event (Senior Secondary)

IRFRR © 2 /)N

Time allowed: 2 hours
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Instructions to Contestants:

(@) AEIEE 20 5 > 4857 B 100 97 -

There are 20 questions in this paper and the total score is 100.

(b) FREFHIFEBASL - REWHIFTA B R+ -

Unless otherwise stated, all numbers in this paper are in decimal system.

(©) FREFHIFEIS > FrA B FEAMBFEREERE - WEE &G - AREZTEE -

Unless otherwise stated, all answers should be given in exact numerals in their simplest form.
No approximation is accepted.

(d) EFTAEZEEAZTENIEERZEN L - HEIGTEDE -

Put your answers on the space provided on the answer sheet. You are not required to hand in
your steps of working.

(€) FIHEHEER -

The use of calculators is not allowed.

(N ABHIHER—E KRG -

The diagrams in this paper are not necessarily drawn to scale.
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Note: The rule in the Final Event is different from that in the Heat Event. Unless otherwise stated,
all answers should be given in exact numerals in their simplest form. No approximation is accepted.

FBLIEFAE FE37-

Questions 1 to 4 each carries 3 marks.

1. HAWEETH - SEERGHEB T /NG > F5—EkEE8 3 08 > HF ERAlgE
P 3 oy - IESRIER/ NFHYBRIGRI &34t T, B - AR IR ’EWE§$§%§§§%%E§IE
TEEFRFFE] o HIPEE > &2/ I/ NRfR > TSR G RIS T A2

There are two digital watches. The first watch runs 3 minutes slower than the actual time per
actual hour, while the second watch runs 3 minutes faster than the actual time per actual hour.
Both watches give a ‘beep’ sound at the beginning of every hour. At noon, the watches are
adjusted to the correct time. How many hours will pass before both watches give ‘beep’
sounds at the same time again?

2. ﬁ%&@ﬁ%f%ﬂ2xﬂﬁ%%%%?¢ﬁ%ﬁi1§6f6ﬂ

B ERENETHHVRESEEE6N EE THRFE
g

In how many ways can the cells of a 2x3 table be filled with the 6
integers from 1 to 6 such that the numbers in each row and column
follow ascending order, from left to right and from top to bottom?

LEEFeEEEH AT " H ) 2 5 WEEHH g - fEREH T - zEZER%
SRS /DR ?

A library is closed every Sunday and whenever the ‘day’ in the date is a multiple of 5. What is
the maximum number of days the library closes in a certain month?

B Jm

4. Fen RyIEEEE - o AIgE 2~ 351 7T EER  H n iV UEFIIRAZE 235857 K
n i/ NA[BE(E -
Let n be a positive integer which is divisible by 2, 3, 5 and 7. If none of the digits of nis 2, 3, 5
or 7, find the smallest possible value of n.




FBOSEEE FEAS -

Questions 5 to 8 each carries 4 marks.

5. FH=RHFE x*-10x* +mx-30=0 HIFTAIR B BR8-Sk mi(E -

If all roots to the cubic equation x*—10x*+mx—30=0 are positive integers, find the value of
m.

6. [E > ABCD ZFHEM - Hrft AD 81 BC ‘{7 - E
5= AC f1 BD fy=xc % » H AE=3 ~ BE=5 & A D

ZAEB =60° - 3k ABCD HYHif¥ - /N )( \
/ 3
In the figure, ABCD is an isosceles trapezium in which / ~E g \\
AD is parallel to BC. E is the intersection of AC and BD ;’J / \\
with AE =3, BE =5 and ZAEB =60°. Find the area of  B* A C
ABCD.

7. FEES 3,6, 12, 14, 18, ... 1 (R IHEEEE RN EAYET— BN EEE A (L
18 2%y —IH Ry 18+8=26 ) - SEFIHYSE KRR 2017 - SK KEY(E -

In the sequence 3, 6, 12, 14, 18, ..., each term from the second term onwards is equal to the
previous term added to its unit digit (hence the term after 18 is 18 +8 = 26). If the k-th term of
the sequence is closest to 2017, find the value of k.

8. HFE (x=2017)"" +(x—2016)"" +---+ (X =D)® + X + (x+1)*" +---+ (x+2017)*" =0
HE EEEf ?
How many real number solutions are there to the following equation?

(x=2017)"" +(x—2016)" +---+ (X =1)® + X + (X +1)* +--- + (x+2017)*" =0
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Questions 9 to 12 each carries 5 marks.

10.

11.

12.

[Ed - ABC 2EMA=FMA > Hft B Z2HFA D & BC LAY
—%L > {if§ BD=2CD =10 - %[\ BD A HEEHFEEE AC
Y > 3K ABIERE

In the figure, AABC is right-angled at B. D is a point on BC
such that BD =2CD =10. If the semi-circle with diameter BD
is tangent to AC, find the length of AB.

AD i1 BE ks AABC 175 » RIEMSAH - %5 AB=16 -
AC =17 } BC =15 > 3} DH Y EE -

AD and BE are altitudes of AABC and they intersect at H. If
AB =16, AC =17 and BC =15, find the length of DH.

2 2sinx°=+/2++2 » Hi 0<x<90 ¥ X HIE -
If 2sin x°:\/2+\/§ where 0 < x <90, find the value of x.

FEFTRIERT - FEFEAE—EE 0 £ 9 iR FEE
F o 3K ABCDE FrRAV A% -
In the multiplication shown, each letter represents a different

digit from 0 to 9. Find the five-digit number represented by
ABCDE.

X

A

A B B C
B C

D DETEASTC
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Questions 13 to 16 each carries 6 marks.

13.

14.

15.

16.

EINEREES] 4, 6, 8,9, 10, ... (Y 2% B - FrGAFIE(E n 1% - O
log2 ~0.30103 » 3K n AY{H -

By adding up the first 2'°" terms of the sequence 4, 6, 8, 9, 10, ... of composite numbers, the
sum obtained is an n-digit number. Given log 2 ~ 0.30103, find the value of n.

1 1 1 L rF X
ol [——dx=In—-—|+C ﬂzj 2 dx g9fE
sin X sinx tanx z sin X
Given that _de:ln ;—L +C , evaluate J‘TL dx.
Sin X sinx tanx %Z SINX

FERERIEEA n A2 §R2FEEBEEGEABE - MHEZAENE « NNIET
REEBEG ARG A HE T =2 ERINEY > &P H P — AWRAELEEPERINTA -
IINIREEER > A SmBERANA > B E =SB H T AR/ 10395 fJ77% - 3K n #YR/NATRE
fH -

There are n participants in a table tennis tournament. Each participant plays one game against
every other participant, and there is no tie in each game. Yanni plans to obtain the autographs
of three players after the tournament, with the condition that one of them must have beaten the
other two during the tournament. Yanni found that, regardless of the outcome of the games,
she has at least 10395 ways to choose these three players. Find the smallest possible value of n.

1 AABC 1> AB=35 - BC=117 & CA=100 - D
F1 E B BC _AVEL > {#75 ~BAD = ZDAE = ZEAC -
=1 F1J 4RI E AABE F1 AADC AL » 3K 132 1Y ;’@\\

{E ° I,n'lll \\ \
In AABC, AB=35, BC =117 and CA=100. D and E f \ \
/ [— ’\I

are points on BC such that #BAD = ZDAE = ZEAC . If
| and J are the incentres of AABE and AADC
respectively, find the value of 1J7.
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Questions 17 to 20 each carries 7 marks.

17.

18.

19.

20.

5% m o~ n R IEEEE 0 {115 125(m* +n®) = (m+n)® < K mBYFTA R REE 2R ©
Let m, n be positive integers such that 125(m* +n?) = (m+n)*. Find the sum of all possible
values of m.

Hra~b-c BEHE - 35 12(a° +2b* +3c?) = (a+2b)* + (2b+3c)? + (a+3c)® + 4b(a+ 2b + 3¢)
—a®-9¢® » H a+b=2016 > kK cHY{H -

Let a, b, c¢c be real numbers. If 12(a’+2b*+3c®)=(a+2b)*+(2b+3c)* +(a+3c)’
+4b(a+2b+3c)—a*—-9c® and a+b = 2016, find the value of c.

ST LA ARIEES TS - BUGRREHR R R L - EERTATSR 192
ETE E AR - DA n FmHns F SMLe sy - F n 2 4 s B -

There are 4 cards on the table, initially all facing downwards. Each time one of the cards is
randomly chosen and flipped, until all cards are facing upwards. Let n denote the total number
of flippings. Find the probability that n is a multiple of 4.

1EVU3ET2 ABCD 1 » /BAC =88.88° + /CAD =46.68° -
/ADB=30° - /BDC=74.44° F; /ACB=x° - 3k x ffy
g -

In quadrilateral ABCD, #BAC =88.88°, ZCAD =46.68° ,

/ADB =30° , /BDC =74.44° and ZACB=x°. Find the
value of x.
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