FF=ERE I EBEHEHE (2014 4)

13th Pui Ching Invitational Mathematics Competition (2014)

RE (HIHAE)
Final Event (Secondary 4)

IRFRR 2 Z]NEF

Time allowed: 2 hours

BRERA

Instructions to Contestants:

(2)

(b)

(©)

(d)

(©

®

AR 207H » $E5HF 10043 -

There are 20 questions in this paper and the total score is 100.

PREFIEIAS, - AERIIFTABEIR [HEH -

Unless otherwise stated, all numbers in this paper are in decimal system.

BREFBIFEIASY, - FTEESALE TR I ERE - WLERR - TESETEUE -

Unless otherwise stated, all answers should be given in exact numerals in their simplest form.
No approximation is accepted.

1EATE SRR ENIEERZEA L - BEAR R ES R -
Put your answers on the space provided on the answer sheet. You are not required to hand in

your steps of working.

AP -

The use of calculators is not allowed.

AERIM B — R ELBHERE -

The diagrams in this paper are not necessarily drawn to scale.
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Note: The rule in the Final Event is different from that in the Heat Event. Unless otherwise stated,

all answers should be given in exact numerals in their simplest form. No approximation is accepted.

E1EEAE E3IS

Questions 1 to 4 each carries 3 marks.

_ o 38n—7 24n-5 .
1. %0 EEsEy - (H75 ’;0 <2n+1<ZE72 o SR o AT TTRS I A o

38n—-7 24n-5

<2n+l< . Find the sum of all possible values of

Let » be an integer such that

n.

2. FFELESIECE 2014 TH > HHEEAGREH N8 - HEEEESI+ - 5%H%4
HERE?
A geometric sequence consists of 2014 terms and neither the first term nor the last term is an

integer. What is the maximum number of integer terms in the sequence?

3. B a a0 a, BIEEE - B gltal+-+a,1=2014 (HP m!=1x2x--xm )
K n B9E/NATRESE -
Let @, a,, ..., a, be positive integers such that g!+a,!+---+a,!=2014 (where

m!=1x2x---xm). Find the smallest possible value of .

4. FEEEFIIHA 2014 H > HrhEIEg R RS - 5 1000 T5E 2014 » FRAEE EEE] 5
SHL VIR 3 HEE?
There is an arithmetic sequence with 2014 terms in which every term is an integer. If the
1000th term is 2014, at most how many terms of this sequence can be multiples of 37
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Questions 5 to 8 each carries 4 marks.

5. B Px)=x+ax’ +bx+c Hfia- b~ c BIEEE - BAEEEIFEE m - P(n) EEn
S - 3R n BIECKFTREME -
Let P(x)=x"+ax’ +bx+c, where a, b, ¢ are positive integers. It is given that for any positive

integer m, P(m) is a multiple of n. Find the greatest possible value of 7.

6. IFARSEELO~1-1-2 380k - FHEEFAUSERNRFESRR—T - £753
LA RN A ER R ?
There are five cardboards with 0, 1, 1, 2, 3 written respectively. By arranging them in a row in

different orders, how many different five-digit positive odd numbers can be formed?

7. BHIHE ¥ +ax+b=0 (Hrt o~ b BAHEE 10 BYIEEE) AMEMARER < BE
(a,b) HZ DA TFRIFTTEEM ?

It is given that the equation x* +ax+5 =0 (where a, b are positive integers not exceeding 10)
has two distinct real roots. How many different sets of possible values of (a, ) are there?

8. & m AN 1 RUEEH o TUN—E nxn WIEA - SHRESE »* /)
BTG (HESR 1) » BEg bV NEGBEE—REARIT K
M/ N=f (EEER 0.5) « WEERT n=4 RFRER - 7 RE
IETT AR AR 4 [B/NETTER 24 [B/N=A - BHERENESENN=
AR R ER - Al n EREE 7

Let n be an integer greater than 1. Now take an nx#n square and divide it into

n® small squares (cach with area 1), and then split each small square on the
boundary into two small triangles (each with area 0.5) by drawing a diagonal.
The figure shows the situation for n=4 in which the original square is
divided into 4 small squares and 24 small triangles. If the difference between
the number of small squares and the number of small triangles is to be

minimised, what should the value of n be?
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Questions 9 to 12 each carries 5 marks.

10.

11.

12.

T1E AABC th » ZABC =90° [ BC=8 - D fl E 5382 AB 1 AC L
HYEL » #1158 CD=DE F. /DCB=/EDA - # AEDC HYTETEE 50
KABHIRFE -

In AABC, ZABC =90° and BC =8. D and F are points on 4B and AC

respectively such that CD=DE and ZDCB=4£EDA . If the area of
AEDC is 50, find the length of AB. D

B C

i Px) BERZIER 5 P =-1+ P(0)=0 - P()=1 - P2)=32 ] P(3)=243
xR P(4) 19fE -

Let P(x) be a quartic polynomial. If P(-1)=-1, P(0)=0, P()=1, P(2)=32 and
P(3) =243, find the value of P(4).

1 — 7 L. s P Z £ | = AN

B4 - LUNEERoRI - /NBGRRR S 35 A AHARIRERE - KILTEIRATHY R =61
(AR NEGRE 1R 56 33 ~ 34 FO 35 L) -

It is known that when % 1s written as a decimal, the first 35 digits after the decimal point

form a recurring period. Find the last three digits of this recurring period, i.e. list the 33rd, 34th
and 35th digits after the decimal point from left to right.

B4 log2~0.30103 F log3~047712 - %5 19" Z{@ n 7l » 3K n WHHE -
Given log2 ~0.30103 and log3 ~ 0.47712.If 19'® is an #-digit number, find the value of .



BI3EFE16/H  FEH6 -

Questions 13 to 16 each carries 6 marks.

13.

14.

15.

16.

FACHERI 6 ERERE - 5 3 EAH 3 EERE - & 3 ST 4182 MEERE—
e[ IREEZE - 45 A (G REREHSE b —EEE - FEMIAIF &3 3 BRI E S 7

In a test there are 6 multiple choice questions. Each of the first 3 questions has 3 choices, while
each of the last 3 questions has 4 choices. There is only one correct answer for each question.
If Lydia randomly selects a choice for each question, what is the probability that she gets

exactly 3 questions correct?

#= 108in @°+cos26°=2sin36°+2 » Hrj1 0<@ <90 » 3 tan8° BY{H -
If 1051n 0° +c0s26° = 2sin 36° + 2 where 0 <@ <90, find the value of tan6°.

[ » ABCDEFGH RTE/\#F » M~ N~ P~ Q0 S8
AB ~ CD -~ EF §1 GH {2k - 3 MNPQ HHIFEES 1+ 3R
ACEG HHiTE - BRLL a+Vb T a—b aFER I
ta~ b BETEH -

In the figure, ABCDEFGH a regular octagon. M, N, P, Q are
the mid-points of AB, CD, EF and GH respectively. If the
area of MNPQ is 1, find the area of 4CEG, giving your
answer in the form a++b or a—+/b where a and b are

rational.

WE R » D& A4ABC & BC ERy—ELF - B4

AD=AC=6 ~ BD=3 } CD=5 - 35 E BB D JGEREY A
AB R FTRRYEL - 3K CERIRIE -

As shown in the figure, D is a point on side BC of A4ABC.

Suppose AD=AC=6, BD=3 and CD=5. If E is the

point obtained by reflecting point D across line segment 43, B c
find the length of CE.




BUTEH0E - FETHS -

Questions 17 to 20 each carries 7 marks.

17. 8 4=(0,1) ~ B=(4,9) M C=(x,~1) REZFTHER=8 - RKEW x 19{H - FHF
ZACB ZEEFNRHE -
Let A=(0,1), B=(4,9) and C=(x,—1) be three points on the coordinate plane. Find the

value of the real number x for which £4ACB attains its maximum value.

18, Ha~becd-eBEY H b o) Rl (@ o) B y=ax®+x LAGHTS © ZER
BRAEERERS 99 0 3K o®—|b° —d® | HYfE -
Let a, b, ¢, d, e be integers such that (b, ¢) and (d, €) are two points on the parabola y =ax” +x.
If the distance between these two points is 99, find the value of ¢’ —|b> —d?|.

19. —ERGEHEDER—E@2EN—E/EE (ED - 5ER
IR ITIPHIETT - EAGEEENREORR 12234
56~ 7HI8  HAXFIEEE - KBFERHIEAFHEE

A rectangle is divided into a hexagon and an octagon (as shown) such

that the cuttings are parallel to the sides of the rectangle. Suppose the

side lengths of the octagon are 1, 2, 3, 4, 5, 6, 7 and 8 respectively in

some order. Find the largest possible value of the area of the hexagon.

20. % a~ b [RAREIRIFEREEE - H1F (6030+4)(6030+5) FT 8L > 3K a+b HUBR/INATHE
fH -
Let a and b be different non-negative integers such that (6030+a){(6030+5) is a square

number. Find the smallest possible value of a+5b.

245
END OF PAPER



