B+ E R IR EAHEE (2013 48)

12th Pui Ching Invitational Mathematics Competition (2013)

g (PIUfE)D
Final Event (Secondary 4)

IRFFR = 2 /]NEF

Time allowed: 2 hours

BIEHAN

Instructions to Contestants:

(1) AEHax 207 IR 10053 -

There are 20 questions in this paper and the total score is 100.

(b) BREFBIFEIASL - RERBIFTE BN [HEH] -

Unless otherwise stated, all numbers in this paper are in decimal system.

(©) ERRPHIFEIRS, - PR ESE BRI B ERREE - W Em - T EZLUE -

Unless otherwise stated, all answers should be given in exact numerals in their simplest form.
No approximation is accepted.

(d) EFTEEFEEAREERIEEN 2L - RERFHEDER -
Put your answers on the space provided on the answer sheet. You are not required to hand in

your steps of working.

() TEREERE -

The use of calculators is not allowed.

(D AEHIHTEA—E RELBHEHE -

The diagrams in this paper are not necessarily drawn to scale.
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Note: The rule in the Final Event is different from that in the Heat Event. Unless otherwise stated,

all answers should be given in exact numerals in their simplest form. No approximation is accepted.

B1EH4E FEH3D -

Questions 1 to 4 each carries 3 marks.

L @& a*b=(a+b) < 3K (1*2)*3)*4)*5 BIRARMAIET -
Let a*b=(a+b). Find the last two digits of (((1¥2)*3)*4)*5.

2. B 345345347349 BRLL 91 KF > BREUE XA ?
What is the remainder when 345345347349 is divided by 917

3. H 2013 BRECKARMIAL RS0 - mAeRECE i EaI a8 - K -

When 2013 is divided by a two-digit positive integer, the quotient and remainder are the same

two-digit number. Find the quotient.

2013 +2012°
4, RS fE
B3 2013+20122 HYfE
3 3
Find the value of 2013—-’-2(1%—-
2013 +2012
ESEESE G4

Questions 5 to 8 each carries 4 marks.

5. HRITE ABCDRIEFRE 98 - MHHARRER V2013 » 3K ABCD HHTH

If the perimeter of rectangle ABCD is 98 and the length of its diagonal is +/2013, find the area
of ABCD.




E—EREESH > M SRIEE 171 100 2 (EFERRE) EHE 68 fEf] 45 {#5
W RGN SIIEITESR —IRIEEN - M AT {EEERNS RiE b —( R SR ARy -
HEZNFREFEEEED — (R E R - & p RBINEAYFIEEEER - 7
A E TR p SHCA R ATHEE » 3K p M AR IR/ N REEC 2 -

In a game, two guests choose 68 and 45 integers respectively from 1 to 100 (inclusive). Each

player is then given a game card on which he may write an integer in the above range. The

player can win a prize if the integer written has been chosen by at least one guest. Let p be the

" probability of winning a prize. The value of p varies according to the integers chosen by the

two guests. Find the difference of the largest and smallest possible values of p.

SATEESEY 7o 3 £(n) FT n BOIREZ A > BIA < [RES 2013 (OB FIR 6 > Bl
£(2013)=6 « % m B/ 2013 WITEREY o B [f(m)f <m » B m % ERRRY A
9

For positive integer », let f(n) denote the sum of the digits of »n. For example, since the sum
of the digits of 2013 is 6, we have f(2013)=6. If m 1s a positive integer less than 2013 and

[ f(m)]° <m, how many different possible values of m are there?

FEBLLIRE 20088 - B 3456 78R H 48> 53k 100 53 - FEENA
RERTERY B SHIRGER 0 7 - FHIETERETEH T 18 ELEE 2 K n
P Al REfEZAD ©

In a mathematical competition there are 20 problems. There are different types of problems
carrying 3, 4, 5, 6, 7 marks respectively, with 4 problems for each type, making a total of 100
marks. A comrect answer merits all the marks allocated to the problem; otherwise 0 mark is
given to the problem. If Ethan answers 18 questions correctly in the competition and gets »

marks, find the sum of all possible values of ».

BOEL12E  SEST -

Questions 9 to 12 each carries 5 marks.

9.

HEATR n #EHERT - SETRAR—MEE 1 2 -1
AINEIES - K nBIfE -

In the addition in base n as shown, each letter represents a
different digit from 1 to (n—1). Find the value of .
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10. 12 R AP —TT - TRESEH S 45RE FRE - (H R TR aRARARIINS Fr Rk
& - MEZ BT RSB E Sk ?
A total of 12 white cards are arranged in a row. Now 4 of them are to be coloured black so that

no two adjacent cards are both coloured. How many different ways of colouring are there?

1. B~ ZRSR3RREIT A+ 2B » IEEERSHRERRIIRA LS » SRRER
HABKFIR & (FRHRAER AR AR > HEA TG EEXEE
Hrp—J78 AT 55— 585k - LLEEBRRGER - SRS AN — BN - CERIFBRFEREA

RS % T Z IR BRI A OIS % o SRR = [E A A IR -

Two football teams, A and B, are having a competition of penalty kicks. In each round, each
tcam would send a member for a shot. If both teams score or both teams miss (each shot either
scores or misses), they move on to the next round. The game ends when one team scores while

the other misses in a certain round, and the team which scores wins. Given that Team A scores

each shot with a probability of % while Team B scores each shot with a probability of % , find

the probability that Team A wins immediately after the third round.

12. 7 AABC th » AB=AC |fii ZA=36° - & D 5 AC BIIEEZE
SRREL /B BN RRE3LE, - 35 £ZADB=x° » 3K x B9
fil - D

36°

In AABC, AB=AC and £4=36°. Let D be the intersection of
the perpendicular bisector of AC and the internal bisector of £B.
If ZADB = x°, then find the value of x. B 19,

F3EF 16 FEH6T -

Questions 13 to 16 each carries 6 marks.

13. AHHEESEIE 2700 BE TR ER —EfEERNRGRES - REESHIEERN R
RHE[HEMHE
Five pieces of rectangular cardboard with total area 2700 are made into a container without lid
in the shape of a cuboid. Find the largest possible capacity of the container.



14. & > 4BCD ZERR 12 WIEHE » ER F 53315 BC
M CD Wy g G2 EF LWy % 5 A Q

EG:GF=2:1; P QW2 ABF AD LHyE: » (115 ¥
PQ =4 BV APGQ WIITERS S 3K 57 HySKH

B - — P
In the figure, ABCD is a square with side length 12. F and fel

F are the midpoints of sides BC and CD respectively. G is a

point on EF such that EG:GF =2:1. P and @ are points B B c

on sides AB and 4D respectively such that PQ=4. If the
area of quadrilateral APGQ is S, find the greatest possible

value of S?.

15. 3K 777 YRR SAIEE -

Find the last six digits of 777" .

16. L5 BERYE I —(H ARG EAL G - —ER T IRALOIRREL S - P M T TR RS
IRIE SRR ICTTE S — AR EES (A DUREE — EREE X - il ElE
Bh) o HaR TSR 8 P RRIRIDIFL AR, - HIftATERERARE % e R RIFYATEE ?

A vertex of a cube is coloured red. A bug starts from the red vertex, and in each step it may
crawl from a vertex to an adjacent vertex along the edges of the cube (the same vertex,
including the red vertex, can be traversed more than once). If the bug returns to the original

vertex after 8 steps, how many different possible routes are there?

BUTRE20E - FET50 -

Questions 17 to 20 each carries 7 marks.

17. BRIRE ™ +x"+3x" +23=0 BIEAFIR o, ~ @, ~ > ay CF—EZHEHE) - &HH
= x2°+clgx19+clsxlg+---+clx+co=0 (Hth ¢ ¢, BEE) WIESHE
@l ~af s a0 3K o HIE
It is given that the equation x° +x" +3x’ +23=0 has roots &, @,, ..., a,, (not necessarily

real). If the equation x™ +¢,gx" +¢gx™ +++-+¢x+¢, =0 (where ¢,, ¢, ..., ¢, are constants)

hasroots *, a,, ..., &, , find the value of ¢ .



18.

19.

20.

HRIERE m s n 0 5 f(m,n) FRERER m AOEFECT » (ORIBAYTEERIENE - fia0
HRFERE 6 AFEER 24 AREEERES 3 @ (4oBE 6~ 12 ® 24) - FrLX

F(6,24)=3 - [EllE > 2% g(n) = F,n)+ f(2,0)+-+ f(n,n) * T4 1+21—2+§12-+---=’762

B

K g+ E2+E£2 1 ol

For positive integers m, n, let f(m,n) denote the number of positive integers which are both a

multiple of m and a factor of n. For example, f(6,24)=3 since there are 3 positive integers

(namely, 6, 12 and 24) which are both a multiple of 6 and a factor of 24. We also let
2
gn)=fU,m)+ f(2,n)+-+ f(n,n) . Given that 1+21—2+3L2+---=% , find the value of

g(2) g()

g+E32

B ABCD 2&8f » Hh AB=A4AD=33 - CB=CD=80 H A
LABC=/4ADC=90° - E~ F~ G~ H5RHli& AB~BC~ CD ~ E 7
DA LHYRL 1§ EFGH R /il (RIDLEIESR) - HF 4 D
EF I/ AC » 3k EFGH TN BTSSR AE -
In the figure, ABCD is a kite with AB=4D=33, CB=CD =80 P G
and LABC = ZADC =90°. E, F, G, H are points on AB, BC, CD,

DA respectively such that EFGH is a rectangle (possibly square)

with EF' // AC. Find the maximum area of EFGH. o

B AB f1 O S BI2PEMEKEFE L - B
AB=200 - ) O, BELE/NEAYIAPE - L%

B ro H £400,<90° < ACDE 2R 5 » EHHEHP =
BIEUNERRY] - % DOB BEE=AF - Kk rfrEET  F
REfEZFO -

In the figure, AB and O are the diameter and centre of the
semi-circle respectively, with 48 =200. Centred at O;, 4

Oy

the small circle has radius » and is internally tangent to the
semi-circle. Also Z400, £90°. ACDE is a rectangle in
which three of its sides are tangent to the small circle. If
ADOB is isosceles, find the sum of all possible values of r.

e o
END OF PAPER
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