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12th Pui Ching Invitational Mathematics Competition (2013)
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Time allowed: 2 hours
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Instructions to Contestants:

() AR 20 B » S 1004) -

There are 20 questions in this paper and the total score is 100.

(b) BREFHIFEAS - ABHRIFTEEEIRER -

Unless otherwise stated, all numbers in this paper are in decimal system.

() ERIFRITEISH - Fre BRI FRY R » MU - P es2rblE -

Unless otherwise stated, all answers should be given in exact numerals in their simplest form.

No approximation is accepted.

(@) IEATEEFEEATERIEEREM L - WAERFTHT K -
Put your answers on the space provided on the answer sheet. You are not required to hand in

your steps of working.

(&) MMIEAFTHEEE -

The use of calculators is not allowed.

(O FERIHEA—ERILPERL -

The diagrams in this paper are not necessarily drawn to scale.
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Note: The rule in the Final Event is different from that in the Heat Event. Unless otherwise stated,

all answers should be given in exact numerals in their simplest form. No approximation is accepted.

BI1EE44E FE3D -

Questions 1 to 4 each carries 3 marks.

1. TEE 2013 {E 2R - W 3 BRATRT B 20 ?

Among the first 2013 positive integers, how many odd numbers are divisible by 37

2. FE20134Er - HLHAR TH, M TH, ZHZEHR?

How many days in the year 2013 are there such that the sum of the ‘month’ and the ‘day’ is

even?

3. B 224991488 fRLL 149 11F » GRS 4 2
What is the remainder when 224991488 is divided by 1497

4. B BEE 1R 201358 2013 fHIEREL o (MR ABER LT —E ?
On the blackboard the 2013 positive integers from 1 to 2013 are written. Which digit has the

highest number of occurrence?

BSEESE  SE44T -
Questions 5 to 8 each carries 4 marks.
5. M % il —g S TR 1205° 4 ax’ +bx—30=0 HIAR « 3 ab HO{H -

Given that both % and —g are roots of the equation 120x* +ax” +bx—30=0, find the value

of ab.




6. B a*b=(a+b)* < 3R (--((1*2)*3)*4)*..)*2013 HYELIEIF -
Let a*b=(a+b)*. Find the unit digit of (--- (((1*2)*3)*4)*.-.)*2013.
7. R ABCD WEME 23 > MABAHRRES 7 5k 4BCD AR » HED
a+\b B a—~b BHRET > Hb o~ bEIEYL -
If the area of rectangle ABCD is 2/3 and the length of its diagonal is J7 , find the perimeter
of ABCD in the form a++b or a—+/b where a and b are integers.
8. % [] FEAEWE » (IE ANBE » #I40 [L1]=1 ~ [69]=6 FO [5]=5 - K
1
{ S : } fof
_— +—+.. . _]_.—_
2001 2002 2013
Let [x] denote the greatest integer not exceeding x. For example, [1.1]=1, [6.9]=6 and [5]=5.
Find the value of{ ] T L I ]
—+___+-.._|_.—.
2001 2002 2013
BoRE 12/ - FE52 -

Questions 9 to 12 each carries 5 marks.

10.

FERTRIVERT » SEERAEFE—MEH 0 E 93T HEE
= s H PCIMC - PC 1 MATHDB Fi{t3ei s sl e

# - 2o rE 16 - 4 {#F0 40 HIERE - K P CI1I MC
MATHDB F{ERI /SR - x P C
M A THD B

In the multiplication shown, each letter represents a
different digit from 0 to 9. Furthermore, the integers
represented by PCIMC, PC and MATHDB are all even
numbers with 16, 4 and 40 positive factors respectively.
Find the six-digit number represented by MATHDB.

ERTEHEOEFERERSE "2,/ "3, - AFEE T, o fla0: 2013 & T
o oo 2012 R TIFEL - BRAOETNELE TFEL ?

If a positive integer contains both the digits ‘2° and ‘3, it is said to be ‘good’. For instance,
2013 is ‘good’ while 2012 is not. How many five-digit numbers are ‘good’?

3



11. & » D& BC FRy—¥L» {ifg BD:DC=2:1ifj EH
& ACHYHEL - ADF1 BEZR P> H CPIERZRA AB R
F o F AABC WIHTEER 1 » 3K ABDF HYHEIAE -

In the figure, D is a point on BC such that BD:DC=2:1,

while £ is the midpoint of AC. AD and BE meet at P, and the P
extension of CP meets AB at F. If the area of AABC is 1, B
find the area of ABDF .

12. [B % » ABCD 2 #¥ » HEh 4D // BC » 4AB=10 > A 12 D
BC=28 » CD=14 F DA=12 - 3k ABCD WJETH -

In the figure, ABCD is a trapezium with 4D // BC, AB=10, 10 14
BC =28, CD=14 and D4 =12 . Find the area of ABCD.

BI3ERE I FEHT -

Questions 13 to 16 each carries 6 marks.

13. 3K 777 BIBRBVINEE -

Find the last four digits of 777777,

14. RS 2013 2824 pliEss 1| £ 2013 - FBEIMRIRSALRUMRGTIRSER « IRE
LA m TERZ m’ —4m+4 2 5 SR AL E TR EEERATER
(BU4n - ES 122 —4(12)+ 4 =100 » & 5 FIRTEL > TRULARTE 12 US4 RS R A pE
) WREBERRSE n WS 2’ -3n+6 i 8 SE ) BBV ER
EREVPER - SR e R LIS R/ — R ?
In a school there are 2013 students, numbered 1 to 2013. The teacher gives out candies
according to the student numbers as follows. Each student whose number = is such that
m* —4m+4 is a multiple of 5 will be given an apple-flavoured candy (for example, since
12* —4(12) +4 =100, which is a multiple of 5, the student numbered 12 will be given an
apple-flavoured candy), while each student whose number » is such that n* -3n+6 is a
multiple of 8 will be given a lemon-flavoured candy. How many students will be given at least

one candy?



15. [& » ABCD Z#E] - Hitp AB=AD=50 ~ CB=CD=75 H. A

ZABC=/ADC=90° « E~ F~ G~ HS B2 4B~ BC~ CD ~ B =
DA FISEL » (15 EFGH BIE ST » Hh EF /1 AC » 3K EFGH 5 b
BYTEITE -

In the figure, ABCD is a kite with AB=AD =50, CB=CD=175 F G

and Z4ABC = /ZADC =90°. E, F, G, H are points on 4B, BC, CD,
DA respectively such that EFGH is a square with EF // AC. Find
the area of EFGH. o

16. [EF  ABCD 22 ES 128IE AT » EF] F2BIE BC
M CD Wh g G2 EF i —B - {FE A Q 5
EG:GF=2:1: PH Q4352 4B F1 AD FRIEL » 5
PQ =4 - FINE APGQ WITIRER S K §* BBLAR]
HEfE ° 192 F
In the figure, ABCD is a square with side length 12. E and e
F are the midpoints of sides BC and CD respectively. Gis a
point on EF such that EG:GF =2:1. P and Q are points B 5 C
on sides AB and AD respectively such that PQ =4. If the
area of quadrilateral APGQ is S, find the greatest possible
value of S°.

BITEE20E SE74 -

Questions 17 to 20 each carries 7 marks.

17. BRRIEREE m~ no B f(m,n) FORERGE m KEEE n BUEBAVIEEEEE - fl0 -
NBFE 6 FEER 24 FRNEEIERERE 3 & (552 612 1 24) » Fild

£6,24)=3 o [ > B g(n)=f(Ln)+ £ @)+ + f(n,n) o B 1+2—12+3i2+---=f6-2-

y

R g(l)+%+%+--- HOME -

For positive integers m, n, let f(m,n) denote the number of positive integers which are both a
multiple of m and a factor of n. For example, f(6,24)=3 since there are 3 positive integers

(namely, 6, 12 and 24) which are both a multiple of 6 and a factor of 24. We also let

2

gn)=f(Ln)+ f(2,n)+---+ f(n,n) . Given that 1+%+3i2+---=—ﬁ6— , find the value of

g(2) g,

8(1)4'2—2 3
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19.

FHEFAT 10 MR ENZEAR - SO TE8 8 EER - SRR
HopafEbrs -t BEA

*  (CEMESGCHE 52 AEHEF gL e —RER T MR
*  PEAATERREIST - BEE T EEWE RSB R —F M2 A TR -
RIS A TR SRR S R AR R 7

There are 10 cities and two airlines in a country. Each airline operates flights which connect

two of the cities, and it is known that:
*  between any two cities there is at most one flight operated by one of the companies; and

* there do not exist three different cities such that any two of them are connected by a flight

operated by the same airline.

What is the maximum total number of flights operated by the two airlines?

BHEEIE n o (142 +3)" AR a,+5,V2+c,3+d,V6 (Hi a, ~ b~ ¢, - d,
BEE) - W BB (+V2+V3) =6+2V2+23+246 5 it a,=6 @
b2=02:d2=2 °§ﬁ&ﬂ?ﬁf§$ﬂ¢§x

ayx+aytazt+aw=aq,
byx+by+bz+bw=Db,
CX Ty +c,z+cw=c,
dyx+dy+d,z+dw=d,

For non-negative integer 7, (1+~/2 ++/3)" can be written as a, +b"\f.’z +c"\/§ +dn\/g (where
a,, b,, c, and d, are integers). For example, since (1++/2 +~/3)* =6+2v2 +2/3 +246 , we

n? ~“n?

have a, =6 and b, =¢, =d, =2 . Find x in the following system of equations:
ax+aytaztaw=aqa,
bx+by+bz+bw=b,
X+ qy+eztcw=c,

dx+dy+d,z+dw=d,
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"REEBVNEVMIHEHEE - SRIRMPRNEEREE -
THREVNEEREHE -

P RIEFIRMTHE -

" EAHA > AR A SRR -

&R D ABLLEIEFER P - M EREILES - R EEEE AR
FINEEHIE n ity - 35 m=2" > SRm FrEAREEZH -

Amy, Betty, Cathy, Danny and Emily joined a chess gathering. It is known that any two of

them played at most one game, and that among any three of them one can always find two who

have played as well as two who have not played. Afterwards, they talked about the gathering

while some of them could be lying. Nevertheless, it is known that more people tell the truth

than lie.

Amy said, ‘I have played with both Betty and Danny.’

Betty said, ‘I have played with both Danny and Emily, or neither Danny nor Emily.’

Cathy said, ‘T have played with Betty.’

Danny said, ‘I haven’t played with Emily.’

Emily said, ‘T have played with each of the others who has lied.’

After the gathering, the five people formed a circle in the above order. It was found that of the

games played, n of them are between two adjacent people on the circle. If m =2", find the sum

of all possible values of m.
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