BEEEE e B EGE
7th Pui Ching Invitational M athematics Competition

rE (EHRD
Final Event (Senior Secondary)

PR © 2 /7NEf
Time allowed: 2 hours

BEAAN -

Instructionsto Contestants:

1. ARLILEE 2078 » #4535 10047 -
There are 20 questions in this paper and the sotak is 100.

2. BREFHEVISL - ANEBWIFT AR R -

Unless otherwise stated, all numbers in this papein decimal system.

3. BREFRHEIIS - FrAB AL B - bR - N UE
Unless otherwise stated, all answers should bengivexact numerals in their simplest form.
No approximation is accepted.

4. A B SR/ A EARIE E 20 b o IIAR G -
Put your answers on the space provided on the arsgweet. You are not required to hand in
your steps of working.

5. NrHEARIER -

The use of calculators is not allowed.

6. G E A — IR ILHHER -

The diagrams in this paper are not necessarily mitavecale.
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— ST o T N D SRR ? (373)

Ivana has some dice and she plans to use thersplaygiher latest test score. It is

known that each test score is a positive integes tean 100. When the score is

less than 10, the tens digit will be displayed@s(For example, a test score of 8

is displayed as ‘08.) Assuming that faces markéd and ‘9’ can be used
interchangeably, and that only one digit may betamion each face, what is the
minimum number of dice needed? (3 marks)

1003z
2008 dx

1 =kz » Kke (453)
& l+tanx
s dx .
i J‘ —kr, find k. (4 marks)
& 1+ tanx
&+ - ABCD Z1EJjJP ~ CDE ZEMEE =P E
(EZEA) ° K sinZAEB - (473)
In the figure ABCD is a square whil€DE is a right-
angled isosceles triangle with right angleEatFind D C
sin Z/AEB. (4 marks)
A B
&+ P & AABC WHY—%f > X~ Y~ Z
53HIE APAB ~ APBC {1 APCA [ EE.() » A
# AB=15 - BC=39 - CA=36 > 3K
AXYZ HJEI5R - (453)

X, Y, Z are the centroids cAPAB, APBC

In the figure,P is a point insideAABC and ‘.

and APCA respectively. If AB=15 , 5 Y c
BC =39 and CA=36, find the perimeter
of AXYZ. (4 marks)



KR (logx)” ~logx” - 1= 0 FRAELLHE (453)

Find the product of all real roots to the equat(tmg x)* — logx* — 1= 0. (4 marks)
FELL N iR X+ y+ 2 YK AT RE(E - (573)
Find the maximum possible value g y+ z in the following system of equations.

(5 marks)

xX*—(y-2z)x—-yz=0

8 8x
(G-

z2-(x-y)z-xy=0

FR R n > 5% f(n) FIEFPSIH 122 n A{SAY e i - £(3)=123
f(11)=123456789101% ; g(n) RlEFHIH (1) £ f(n) FrfFay L - 4

a0 g(3)=11212:~ g(6)=1121231234123451234 %5 - 3k ¢g(2008) FH /25

LR EE 2008 3= - (547)
For positive integen, let f (n) be the positive integer formed by listing 1rian

order, e.g.f(3)=123 and f (11)=123456789101; let also g(n) be the positive

integer formed by listingf() to f(n) in order, e.g.g(3)=11212% and
0(6)=1121231234123451234. Find the 2008th digit 0§(2008) from the left. (5 marks)

—AIEHIAT 100 FERESNN— (S > BAAT R © FFRF AR —EE - &
AR R - BRI N - S BRI A
BRI - BEEEAS IR - B RIS S E R s e HH
1000 JTafe ARIE LR SR A AR T 0 LL » EEAIERF AR 1 — 8 RE,
S R > RIS nCEEE: > K n s A AT RESE - (573)

A teacher and 100 students join a game. The ruéss ifollows. One question is

asked each time; those answering it wrongly armaieéted and the rest proceeds to
answer the next question. The game ends when #obde is eliminated or if all

students are eliminated. Whenever the teacher asanguestion correctly, he gets

a bonus equal to 1000 dollars multiplied by thecpmetage of wrong answers

among students answering that question. Given ttitgame ends after three
guestions are asked and the teacher gets a totastwdn dollars, find the greatest

possible value of. (5 marks)
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Zrprg- rBHE 1237+ X+ 3= 0 =@ o K TFAME -

P°a+a’r +r’p+pT+rig+qp (543)
Let p, g, r be the three roots of the equatigh-12x*+ 9x+ 3= 0. Find the value
of p’q+q°r+r’p+pr+rg+qp. (5 marks)
genmeaa - 7 "D o ooosia - o n TR (559
n(n+1)(2n+ 1)

Let n be a positive integer. | is a multiple of 2008, find the

smallest possible value of (5 marks)

& v - BCDEF & &N £ 11:%
J& » CB Bl EF JERMBACHY A 75
ZEAC = 30 - ZEDF = 36 -
/BDC = 40 - /DBC = x° H
DE =3DC » KX o

In the figure, BCDEF is a cyclic
pentagonCB and EF are produced B X A0 D

to meet atA. If Z/EAC = 30,

</EDF = 36°, «/BDC = 40C°, «DBC C

= x° and DE = 3DC, find x. (5 marks)

SR 40 A - BERES 1 40 - i FTHIBRRARE EAERE R EH O
B o ZORHIERRIAIEALS > PHRAE 40 (pale Btk - 3
ZATE KAUREE > Hor kO IR - EASA K AYE - WABERAI SRR
NRUEEBREE (1 12 40 ThRyRE iy - AT RIETE Be 2 B RS TR
5t o K kIR NATRE(H - (573)

There are 40 students in a class, numbered 1.td 14y were required to write

their class numbers on the test paper during a Adigtr collecting the test papers

after the test was over, the monitor added up EBxesanumbers written on the 40

test papers, and discovered that the sum of thes clambers is a multiple &f

wherek is a positive integer. When the teacher was toddvialue ok and the fact

that every class number written was an integer ftbrto 40, he immediately
deduced that at least 2 students had written agvotass number. Find the least
possible value ok. (5 marks)
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AR BRI h =AM - ISR (2240
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Five children are numbered 1, 2, 3, 4, 5. In hownynaays can the children be
seated in a row from left to right so that if weooke any three children, their

numbers read from left to right do not form anfarmietic sequence? (6 marks)

14. SR LU N R B Rry 25 AL 8By gi H
o RZEIBCF LY 2048 D1, RTSE T2 A
o INFGEEEI R KA (R K2R/ 25 IEEED) - Y

FTSEsaess "1, BEANDR T2, i93H - (673)
Find the number of 25-digit positive integers dgingy the following two
conditions:

* The digits of the integer consist of exactly 20iespf ‘1’ and 5 copies of ‘2.

* If we remove the lagdt digits from the integer (wheteis any positive integer

less than 25), the resulting integer has at lemastany ‘1's as ‘2's. (6 marks)

15. 5 —{E RIS (R BCE R R W K S DS 2] - R R R
£ T EMEE o I 1212 88888~ 454545 T EAA# , - 7~ 1001+
123443218 " EERE o SRATHE 2738 ERIE N T A - (677)

A positive integer is said to be ‘repetitive’ ifaan be formed by repeatedly writing
some other positive integer two or more times. &ample, 1212, 88888, 454545
are ‘repetitive’ while 7, 1001, 12344321 are noindFthe smallest ‘repetitive’

number that is divisible by 273. (6 marks)

16. Frgdstpm L (0,00~ (1,2)~ (3,3) 41 MA~B~C~D~E~FIH; - L
HHEE BT EE TOR - S ATUELE - H A~B~C-D~E~ FAES
o R ARG TR BREEE AN IV X o SR X BB AT RESHE (753)

Consider the ten points (0,0), (1,2), (3,3), (4abd A, B, C, D, E, F on the
coordinate plane. It is known that if any five psirare chosen from these ten
points, there must exist four points which are goiic. Furthermore, the distance
between any two points amoAgB, C, D, E, F is not less thar. Find the greatest
possible value of. (7 marks)
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Study the following infor mation and answer Questions 17 and 18.

IEREET DI AoR - #EREFHEMTR 1>V - XL~ C-D M #& - ~
AU/ 30001 IEREEIRE IS B 7o - B4l - 200817~ MMVIIL ~ 1988
£ MCMLXXXVIIl ~ 700 [ DCC » 35 A8y Zona b ARG, -
RIS AR A RS T irs, - BIA - XXX EEE R T XXX FTLL 30 2 T 4F
s XX EHEE R T IXX ) AR R B o ATl 21 g T
By o IV EEERE T AL > FTRLAANE T, -

Positive integers can be represented by Roman misné&toman numerals are made up of|the
seven letters I, V, X, L, C, D, M. The table beltists the Roman numeral representations of
positive integers less than 3000. For instance828@vritten as MMVIII, 1988 is written as
MCMLXXXVIIl while 700 is written as DCC. A positiventeger is said to be ‘good’ if its
Roman numeral representation is still the represemt of some integer when read upside
down. For instance, 30 is ‘good’ since XXX stillags ‘XXX’ when upside down; 21 is not
‘good’ since XXI reads ‘IXX" when upside down, no#presenting any integer; and 4 is not
‘good’ since IV readsAl’ when upside down.

1 2 3 4 5 6 7 8 9
Tz
M MM
Thousands|
HAL
C CC | CCC| CD D DC | DCC|DCCC| CM
Hundreds
+{iz
X XX | XXX | XL L LX |LXX |LXXX | XC
Tens
[EKAvA
_ Il 1] \Y Vv VI VI VIII IX
Unit
17. {£8 2008fd B4 8 - G EE i, 2 (473)
How many of the first 2008 positive integers arecd’? (4 marks)
18. {EE 2008 EA 8+ - A LD ENHE S ErZon il 8 (E+ Rk ? (673)
How many of the first 2008 positive integers haveeit Roman numeral
representation consisting of exactly 8 letters? mésks)

6
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Study the following infor mation and answer Questions 19 and 20.

[ EE A 14 > FrhAuRs 6 1T IEAT
8{HIE=rp (HMEHE=AF) - iiEEs
WA 1 BRE TR A 408 = AP
AR > i EHE = AR A 3 =TT AR -

The solid in the figure consists of 14 faces,
including 6 squares and 8 equilateral trianglesh(bo
the top and bottom faces are triangles). Each efige
the solid has length 1, each square face is adjagen
4 triangular faces and each triangular face iscaatja
to 3 square faces.

19

20.

- e TR T AR T - TR =P B B 1 2 8~ AL
FeH ERIE 9 & 14 - ERHEHS I AREREUH ML - HIHENE
R TR B B REREZ D 7 (573)

A die can be made from this solid. We write the bers 1 to 8 on the eight
triangular faces and the numbers 9 to 14 on thesgizare faces. Given that the
probability of obtaining a particular face is ditlggroportional to its area, what is

the probability that a prime number is obtained wttee die is thrown? (5 marks)

LA TR WA ARSI 2 IRIEE A S 0 - 3K tand - (673)

Let & be the obtuse angle between two adjacent facé® @&olid. Findtand . (6 marks)
2850

END OF PAPER



