R T (e

6th Pui Ching Invitational Mathematics Competition

WE (FHRD

Final Event (Senior Secondary)

SRR

Time allowed: 2 hours

B

Instructions to Contestants:

. % %fiLI%F” * 'éﬁwjﬁﬂi? o3 B 100 55 e
This paper is divided into Section A and Section B. The total score is 100.

2. PERRHIRMISE - B o R s -

Unless otherwise stated, all numbers in this paper are in decimal system.

3 BRI )RR OB TS 2 [ T - PSR -
Unless otherwise stated, all answers should be given in exact numerals in their simplest form.

No approximation is accepted.
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Put your answers on the space provided on the answer sheet. You are not required to hand in

your steps of working.

5. R IE S -

The use of calculators is not allowed.

6. TRV T~ LIl -

The diagrams in this paper are not necessarily drawn to scale.
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Section A (75 marks)
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A school comprises a primary school section, a middle school section and a high
school section. In the primary school section, the time table runs on a 5-day cycle
basis where the schooldays are called Day A to Day E (i.e. the first 5 days are Day
A to Day E, the 6th day is back to Day A again and so on). In the middle school
section, the time table runs on a 7-day cycle basis where the schooldays are called
Day F to Day L. In the high school section, the time table runs on a 14-day cycle
basis where the schooldays are called Day M to Day Z. At the entrance of the
school there is a board showing the day of school for each section, e.g. ‘AFM’ for
the first day, ‘BGN’ for the second day and so on. Given that all sections are
having school on exactly the same dates, how many different combinations are

there for the three letters appearing on the board?
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How many of the positive factors of 1800 are divisible by 24?

3. Ep @ P TRt - R RL O i RS W AT 2
How many four-digit positive integers have one digit 0 and the other three digits

equal?
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In Hong Kong, there are seven types of coins, of denominations $10, $5, $2, $1, 50

cents, 20 cents and 10 cents respectively. If one has one coin of each type, how

many different positive amounts can be formed?
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If x"°¢* =10 where x>1, find the value of \/; . (4 marks)
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The net in the figure is composed of a
regular octagon with side length 1 and
eight isosceles triangles with base 1 and
height 4. If the net cannot be folded into
an octagonal pyramid, find the maximum

possible value of A. (4 marks)
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There is a 3X3 table. In each cell one of the letters A, B, C

and one of the digits 1, 2, 3 are to be filled in. If no two
cells may have the same letter and digit, and in each row
and column each letter and each digit may appear only

once, in how many different ways can we fill in the table? (5 marks)
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In the figure, AB is a diameter of the D E
F

semi-circle. DE is parallel to AB and is
tangent to the semi-circle at F. AD and
BE are produced to meet at C. If AB=18,
DF =3 and EF =6, find the length of A B

CF. (5 marks)
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Find the sum of all real solutions to the equation (90— x) +sin’ x° = 2007 .
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In the figure, X and Y are the centres of

circles C, and C, respectively. PI is a

common tangent of the two circles at P, /(
IS is tangent to C, at S while /T is tangent § T
to C, at 7. XS and YT are produced to 7
meet at Z. If PI=1, XP=3 and YP=2,

find the area of AXYZ.
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Eight children played a game. Every child drew a card on which an integer from 1
to 8 was written, and their cards were pairwise distinct. They were randomly
grouped into 4 pairs and each pair compared the numbers on their cards. The child
who had a bigger number in his pair eliminated his opponent and entered the semi-
final. The four semi-finalists were randomly grouped into 2 pairs again. The same
comparison was done to decide the two finalists. Finally, the champion was
decided among the two finalists in the same way. Assuming that Keith and Larry
drew the cards ‘5’ and ‘7’ respectively, find the probability that they met during
the game.
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In the figure, FB, EC, DG and DH are the
bisectors of LZABC, ZACB, ZEDB and
ZFDC respectively. EDC, FDB, EGB
and FHC are straight lines. If BE=3,

CF =2 and BC =4, find ZOXFH
GBxHC
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In the figure, AABC is acute-angled. The
internal bisectors of ZABC and ZACB meet at E D F
D. Through D a straight line parallel to BC is
constructed, which meets AB and AC at E and F

respectively. If AB=15, AC=24 and the B C

circumcircle of AABC has area 1477z, find the
length of EF.
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In a city, all telephone numbers are five-digit positive integers in which any two

adjacent digits differ by at most 1. At most how many different telephone numbers

are there in the city?

n’ —29%30%x31x32
n+l
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Given that both n and n 29X301X31><32 are integers, find the sum of all
n+

possible values of n.
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Section B (25 marks)

AIBEL ™ TR - SRR DT 16 = 57201 -

Study the following lnformatlon and answer Questions 16 to 20.
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A technology company had organised a 5-day calculator exhibition displaying the various
models of calculators of the company. The screens of all calculators display only the decimal point
and digits from O to 9 with the same font:

Oil2d4H567184

To attract more people, the organiser had included a poll entitled ‘My Favourite Calculator’.
Each participant was given a ballot paper so that they could select their favourite model among all
calculators displayed. When returning the ballot paper, each participant would be given a ‘scratch
card’ and a $50 coupon for purchase in the exhibition. Each ‘scratch card’ consists of five cells; the
player scratches three of them and wins a prize if the pictures in the three cells are the same. The
terms and conditions of each $50 coupon are as follows:

$50 COUPON

Terms and Conditions:

1. This coupon may be used as $50 for purchase.

2. At most two coupons may be used for each purchase.

3. No discount will be offered when making purchases with this coupon.

4. No return will be given for purchases less than the face value of the coupon.

All participants were required to register before the start of the exhibition, and wear a
‘calculator badge’ produced by the company. They must also show their registration number on the
screen of the calculator badge for identification purpose. Each registration number is a 4-digit
positive integer, and the participants got pairwise different registration numbers.

During the first day of the exhibition, the organiser found that some participants wore the
calculator badge upside down, and as a result a different but legal registration number was shown,
e.g. ‘6681’ became ‘1899’. The organiser therefore called those 4-digit positive integers which
became another legal registration number on screen when read upside down ‘bad’ numbers. (For
instance, 6681 and 1899 are both ‘bad’ while 1234 is not.) On the second day, the organiser issued a
different set of registration numbers so that all of them were not ‘bad’ and still satisfied the original
conditions. On the other hand, 4-digit integers which read the same when the screen is put upside
down are said to be ‘good’, and 8888 is one such example.

On the first day of the exhibition, Mr Chan participated with his two sons, Henry and Ken.
They had some interesting discoveries about their registration numbers, and their conversation was
as follows:

“My registration number is a ‘good’ number,” said Mr Chan.
“My registration number is a ‘bad’ number,” said Henry.

“My registration number is 300 greater than Dad’s and 200 smaller than Henry’s, and is
neither ‘good’ nor ‘bad’,” said Ken.
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Given that the picture in each cell of a ‘scratch card’ is randomly printed by
computer, with 50% chance being ‘¥<’, 30% chance being ‘¥’ and 20% chance

being ¢ § *. If Mr Chan randomly scratched three cells on his ‘scratch card’, what is

the probability that he could win a prize?
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How many ‘good’ numbers are there?
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It is known that in the conversation that Mr Chan had with his two sons regarding
the registration numbers, one of them had lied while the other two had told the
truth. Furthermore, at least one of the three registration numbers had a thousands
digit different from 9. What is the greatest possible sum of the three registration
numbers?
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A model of calculator shown in the exhibition contains 4 special keys: ‘+9’ (which
adds 9 to the number on screen), ‘—1° (which subtracts 1 from the number on
screen), ‘log’ (which changes the number x on screen to log x) and ‘10* (which
changes the number x on screen to 10*). Now the screen shows 102400. If the 7
special keys ‘log’, ‘+9°, ‘49°, ‘log’, “~1°, ‘10* and ‘10™ are pressed in order, what
will be the number shown on screen?
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A model of calculator shown in the exhibition can only handle integers. If the
result of a computation is not an integer, the decimal part will be truncated. For
instance, 25+6x9 will be computed to be 36 because 25+6 becomes 4. Ken
used this model of calculator to compute 1000+nXn, where n is a positive integer
less than 1000. How many different possible values are there for the result he
obtained?
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END OF PAPER
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